I quantitatively study the optimal capital income taxation in the general equilibrium overlapping generations model with uninsurable idiosyncratic income shocks and with housing and financial assets. Following key characteristics of housing are explicitly modeled: (i) housing is held for the dual purpose of consumption and savings, (ii) housing can be either owned or rented, (iii) if owned, housing can be used as a collateral for mortgage loans, and (iv) there is a preferential tax treatment for owner-occupied housing through tax-exemption of imputed rents and mortgage interest payment deduction. Using calibrated models, I investigate whether and how the optimal capital income tax rate differs between the model with both housing and financial assets and the standard model without housing. I find that the optimal capital income tax changes significantly depending on the housing tax policy. This is mainly because capital income tax affects both portfolio choice between housing and financial assets, and tenure decision. In particular, I find that, when preferential tax treatment for owner-occupied housing like the current U.S. economy is maintained, there is a large welfare gain by lowering the capital income tax rate and thus narrowing the tax wedge between housing and financial assets, and owning and renting. The optimal capital income tax rate in the baseline model with housing is 13%, which is substantially lower than the optimal capital income tax rate in the model without housing, which is 37%. On the other hand, if the preferential tax treatment for owner-occupied housing is eliminated, it becomes optimal to tax both assets heavily, like in the one-asset life-cycle model. Indeed, the optimal tax rate for capital income and housing is 43%, which is higher than in the model without housing. Finally, welfare gain form implementing the optimal capital income tax rate is large in the model with housing; in both cases above, the welfare gain is larger than 2% of flow consumption.
Introduction
In this paper I quantitatively investigate the optimal taxation on housing and financial assets in the general equilibrium overlapping generations model where agents face uninsurable labor income risk and mortality risk, and key characteristics of housing assets are explicitly modeled. The paper bridges the gap between the literature on macroeconomic public finance, which typically ignores the housing assets, and that on housing taxation, where the quantitative general equilibrium model is rarely used.
One of the most celebrated results in the macro-public finance literature is the zero optimal capital income tax rate. Using the Ramsey approach, Chamley (1986) and Judd (1985) show that the optimal capital income tax rate is zero in the long run in the model with the infinitely-lived representative agent. It is further shown that the result holds true in less restrictive environment.
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On the other hand, the optimal capital income tax rate is known to be different from zero in overlapping generation models where agents are finitely-lived. Erosa and Gervais (2002) and Garriga (2003) show theoretically that the optimal capital income tax rate is not zero. Moreover, Conesa et al. (2007) recently show quantitatively that the optimal capital income tax rate is not only non-zero but very large, using a calibrated overlapping generations model. However, what has been neglected in the discussion above is that close to half of the total reproducible capital stock in the U.S. and the biggest single asset for the majority of households in the U.S. is housing capital, which is different from non-housing capital in a variety of ways. The main purpose of the paper is to ask whether and how the optimal capital income tax is affected by explicitly considering the unique nature of housing capital.
It is important to explicitly model housing in studying optimal taxation for the following reasons. First, as argued above, housing is big. Second, the distribution of housing and financial assets is known to be very different. Housing assets are more evenly distributed both within and across different age groups. Young households typically hold a larger amount of housing assets than the value of their total wealth, leveraged by mortgage loans. Third, housing is held mainly for enjoying services that the it generates. Besides, the value of services generated by owner-occupied housing is not taxed in the U.S. Together with the mortgage interest payment deduction, there is a substantial degree of preferential tax treatment for owner-occupied housings.
Considering these reasons, welfare and macroeconomic implications of changing capital income tax rate could be very different depending on how housing assets and the value of services generated from housing are treated. In other words, the optimal capital income tax rate computed by ignoring the differences between housing and non-housing capital could be very different from the one which is computed by explicitly modeling the housing capital. I will show in the paper that the magnitude of the mistake is sizable.
The model used here captures the following key properties of housing assets. First, housing assets are held for dual purpose of consumption and saving. Housing assets are held not only as a means of saving but also to enjoy living in. Housing assets are substitutes for financial assets as a means of saving, but not a perfect one because of the additional motive for holding. Second, housing assets are either owned or rented. Third, housing assets can be used as a collateral for mortgage loans. I will carefully investigate how these key characteristics of housing are linked to the optimal tax rates.
I use the Ramsey approach to the optimal taxation problem. In this approach, the size of government expenditure in every period is exogenously given, and lump-sum taxation is assumed to be unavailable. A set of distortionary tax instruments is assumed, and the optimal tax scheme within the set is explored. I fix the size of the government expenditure at the size implied by the tax regime that resembles the current U.S. tax regime. I use proportional taxes for labor and capital income, and imputed rents of owner-occupied housing assets. The baseline tax rates for capital and labor income are the effective tax rates in the current U.S. economy. Housing assets are tax-exempt in the baseline specification, which is also a feature of the current U.S. economy. I also introduce mortgage interest payment deduction, which is another key element in the current U.S.housing tax policy. The rate of deduction is set to match the effective rate of deduction in the current U.S. economy. This paper is most closely related to Gervais (2002) . Gervais (2002) uses a general equilibrium overlapping generations model and shows a large welfare gain from taxing housing and eliminating the tax deduction for mortgage interest payment. There are three key differences between Gervais' (2002) paper and the current paper. First, my focus is the capital income tax rate, while Gervais (2002) focuses on the welfare gain of eliminating preferential tax treatment of owner-occupied housing. Second, there is no intra-generational heterogeneity in Gervais ' (2002) model. For considering the optimal taxation, it is important to capture the large inequality of income and assets, a large part of which is due to intra-generational heterogeneity. Third, there is no labor-leisure decision in Gervais ' (2002) model. As convincingly argued in Conesa et al. (2007) , labor supply distortion is a key element in shaping the optimal tax regime in a life-cycle model.
There are two main findings. First and most importantly, I find that the optimal capital income tax changes significantly depending on how housing is taxed. This is mainly because capital income tax affects both portfolio choice between housing and financial assets, and tenure decision. The optimal capital income tax rate when the preferential tax treatment for owner-occupied housing is maintained is 13%, which is substantially lower than the optimal capital income tax rate in the model without housing, which is 37%. On the other hand, if the preferential tax treatment is eliminated, it becomes optimal to tax both assets heavily, like in the one-asset lifecycle model. Indeed, the optimal tax rate for capital income and housing is 43%, which is higher than in the model without housing.
Second, the welfare gain associated with implementing the optimal capital income tax rate is large, in the model with housing. It is true no matter whether the preferential tax treatment for owner-occupied housing is maintained or nor. In the baseline model, the welfare gain by implementing the optimal capital income tax while keeping the preferential tax treatment for owner-occupied housing is 2.3% of flow consumption. If the preferential tax treatment is eliminated, the welfare gain is as large as 3.3%. There is a striking contrast from the welfare gain by implementing the optimal capital income tax rate in the model without housing, which is a mere 0.01%. I argue that the main source of welfare gain is nullifying the preferential tax treatment for owner-occupied housing and thus mitigating the efficiency loss from the tax benefit. Changing capital income tax rate indirectly affects the tax benefit of owner-occupied housing.
The remaining parts of the paper are organized as follows. Section 2 reviews related literature. Section 3 sets up the model. Section 4 describes how the model is calibrated. Section 5 comments on how the model is numerically solved. The properties of the baseline model economy are studied in Section 6. In Section 7, the methodology for counterfactual experiments is explained. In Section 8, I investigate welfare and macroeconomic effects of changing capital income tax rate. Variety of sensitivity analysis is offered in Section 9. Section 10 concludes.
Related Literature
The list of related literature starts from Chamley (1986) and Judd (1985) , who show that the optimal capital income tax rate is zero in the long run in the standard growth model. The crucial assumption for this celebrated result is that the economy is inhabited by the infinitelylived representative agent. There is no ex-ante heterogeneity within or across cohorts, and the complete markets wipe away any ex-post heterogeneity. If the economy is populated by ex-ante heterogeneous agents, or markets are incomplete, a zero capital income tax rate might no longer be optimal. Aiyagari (1995) argues that, in the presence of market incompleteness, the optimal capital income tax is not zero in the long run. In the economy with uninsured idiosyncratic shocks to earnings, agents have a precautionary savings motive, which pushes the aggregate savings above the optimal level in the complete markets model. A positive capital income tax can fix the over-accumulation of assets by countering the incentive to hold precautionary savings. Domeji and Heathcote (2004) build on the model used by Aiyagari (1995) and show that the optimal capital income tax rate is actually close to the effective capital income tax rate in the U.S, which is 40%, if the model captures the observed large degree of income and wealth inequality in the U.S. economy. Like Aiyagari (1995) , they also use the model with uninsured idiosyncratic shocks to individual labor productivity. Moreover, they calibrate the model such that the income and wealth inequality implied by the model replicate those of the U.S. economy. Since the magnitude of the inequality of individual labor productivity and wealth inequality observed in the U.S. is so large, it is optimal to use extensively the redistribution or insurance function of the capital income tax. Capital income tax has a stronger insurance or redistribution effect than labor income tax because inequality with respect to capital income is substantially higher than that of labor income both in the model and in data.
On the other hand, in overlapping generations models populated with finitely-lived agents, Erosa and Gervais (2002) and Garriga (2003) theoretically show that the optimal capital income tax rate is not zero in general. The key intuition is that marginal utility with respect to both consumption and leisure changes over the life-cycle. Consequently, the optimal taxation must include age-dependent tax rates.
Moreover, Conesa et al. (2007) show that the optimal capital income tax rate is very large positive in the calibrated overlapping generations model. The result holds even if the markets are complete, or the progressivity of labor income tax provides a substantial degree of redistribution or insurance. In their baseline model with life-cycle, uninsured idiosyncratic productivity shocks, non-separable utility function between consumption goods and leisure, and progressive labor income taxation, they find that the optimal capital tax rate is as high as 36%. The life-cycle savings motive makes saving less elastic to changes in the after-tax return, which makes the efficiency loss associated with capital income taxation smaller and the efficiency loss from taxing labor income relatively larger.
Regarding housing taxation, a long list of studies argue the optimality of taxing imputed rents of owner-occupied housing and eliminating mortgage interest payment deduction. Rosen (1985) offers a good summary of the literature analyzing the effects of the government's policy toward housing. The current paper is related to the literature on housing taxation because the welfare gain form implementing the optimal capital income taxation is closely related to the welfare gain of eliminating inefficiency associated with the preferential tax treatment of owner-occupied housing. A value-added that the paper offers is that the welfare gain is quantitatively analyzed using a calibrated general equilibrium overlapping generations model.
The model used in the current paper is built on the literatures that construct general equilibrium models with uninsured idiosyncratic shocks. The pioneer papers are Aiyagari (1994) and Huggett (1996) . The papers which introduce housing or durable assets into the standard general equilibrium framework with uninsured idiosyncratic uncertainty are Fernández-Villaverde and Krueger (2005), Díaz and Luengo-Prado (2006), and Nakajima (2005) . Gervais (2002) first analyzed housing taxation in the calibrated general equilibrium overlapping generations model. Chambers et al. (2007) use the general equilibrium model with housing to investigate the recent rise in homeownership rate.
The Model
The model I use is based on the general equilibrium overlapping generations model with uninsured idiosyncratic shocks to labor productivity and mortality, in particular Conesa and Krueger (1999) and Conesa et al. (2007) . The nobel feature of the model is that there are both housing and financial assets. The following four key characteristics of housing assets are explicitly captured in the model. First, housing assets play a dual role; housing generates services consumed by those who live in it, and at the same time is a means for saving. Second, housing can be owned or rented. Third, homeowners can use their housing as a collateral for mortgage loans. Using mortgage loans, agents can live in a house whose value is larger than the value of their total wealth. Fourth, there is a preferential tax treatment for owner-occupied housing through tax-exemption of imputed rents and mortgage interest payment deduction. Since the government can tax owner-occupied and rented housing and financial assets differently, the model can naturally be used to understand how the difference in taxes for housing, either owned or rented, and financial assets affect allocations, and welfare.
Demographics
Time is discrete. In each period, the economy is populated by I overlapping generations of agents. In time t, a measure (1 + γ) t of agents are born. γ is the population growth rate. Each generation is populated by a mass of measure-zero agents. agents are born at age 1 and could live up to age I. There is a probability of early death. Specifically, s i is the probability with which an age-i agent survives to age i + 1. With probability (1 − s i ), an age-i agent does not survive to age i + 1. I is the maximum possible age, which implies s I = 0.
Because of the probability of early death, there are accidental bequests. These accidental bequests are taxed away by the government and redistributed to all the surviving agents as a lump-sum transfer tr.
Agents retire at age 1 < I R < I. Agents with age i ≤ I R are called workers, and those with age i > I R are called retirees. I R is a parameter, implying that retirement is mandatory.
Preference
An agent maximizes its expected lifetime utility. The utility function of an agent takes the standard time-separable form as follows:
where c i is the consumption of non-housing goods at age i, d i is the consumption of housing services at age i, and m i is the leisure enjoyed at age i. E is the expectation operator. β is the time discount factor. u(., ., .) is strictly increasing and strictly concave in all three arguments.
Endowment
Agents are endowed with one unit of time in each period and housing asset h 1 and financial asset a 1 at birth. I assume that h 1 = 0 and a 1 = 0. Agents can use their time either for work or for leisure m. Formally:
for each age-i.
Agents are heterogeneous in terms of labor productivity. Labor productivity has two components, e i and e. e i is a component related to the age or working experience of agents. Since agents are forced to retire at age I R , e i = 0 for i > I R . e is the stochastic component and independent of the age of agents. Each newborn draws the initial e ∈ E = {e 1 , e 2 , ..., e n } from {p 0 e }, where each of p 0 e represents the probability assigned to each possible realization of e. The stochastic process for e is identical for all agents and independent across agents. In particular, log(e) is assumed to follow a finite-state first order Markov process (E, {p ee }), where p ee represents the Markov transition probability from e to e . For an agent who supplies i hours for work, the product i e i e represents the individual labor supply of an age i agent, measured in efficiency units.
Technology
There is a representative firm which has access to the following constant returns to scale technology:
where Y t is output, Z t is the level of total factor productivity, K t is aggregate non-housing capital input, and L t is aggregate labor input measured in efficiency units in period t, respectively. Because of Euler's theorem, if the inputs are traded in competitive markets, the profit of the firm will be zero in equilibrium. Non-housing capital depreciates at a constant rate δ K . Housing capital is denoted by H t and depreciates at a constant rate δ H . There is a linear technology that converts between one unit of housing capital and one unit of non-housing capital costlessly. In sum, the aggregate resource constraint of the economy is the following:
where C t is total private consumption, and G t is public consumption. G t is not valued by agents. O t is the sum of costs associated with owned housing.
Housing capital H t yield housing services D t . The following linear production function is assumed:
Because of the structure of the transformation technology, I can use H t and D t interchangeably.
Real Estate Sector
Real estate sector works as the intermediary for agents who rent housing.
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In each period, a real estate firm borrows financial assets from agents and use the assets to buy housing assets. The housing assets are rent to renters, and the real estate firm receives the rent q t , and use the rent to pay back the cost of debt and other costs. The following equation specifies problem of a real estate firm:
where (1 − δ h )h t is the value of the house after depreciation, q t h t is the rent income of the real estate firm, and (1 + r t )h t is the financial cost associated with the housing assets. Assuming free entry to the real estate sector, the equilibrium rent is determined by zero profit condition and takes the following form:
Basically, renters pay for the financial cost of the value of housing that they rent plus the maintenance cost (depreciation) for the rented housing, through real estate sector which is acting as the intermediary.
Market Structure
First of all, without loss of generality, I assume that agents own financial assets instead of non-housing capital stock. One unit of financial assets is a claim to one unit of non-housing capital. In addition, financial assets capture mortgage loans as well. In particular, a positive amount of financial assets is a claim to the same amount of non-housing capital stock, while a negative amount of financial assets denote mortgage debt of the absolute value of the financial asset position. The use of financial assets help easing the notation by combining the non-housing capital and mortgage loans. I also use housing asset and housing capital interchangeably. Housing asset can be either owned or rented from real estate sector.
Labor and financial assets are traded in competitive markets. By assumption, agents cannot trade state contingent assets to insure away the shocks with respect to labor productivity or mortality. However, agents can save in the form of housing and financial assets and self-insure.
As for the housing assets, agents can either own or rent housing assets but the choice is exclusive. When renting, the unit cost of housing is the rental cost q t paid to a real estate firm. When owning, an agent has to pay for the depreciation to keep the value of housing. The interpretation of the depreciation is the maintenance cost. In addition, there is a fixed cost χ for owning housing assets. It is a parsimonious way to capture various costs associated with owning; large moving costs, costs for closing mortgage loans, costs for insurance, and so on. It is important to have χ; otherwise, the equilibrium homeownership rate will be substantially higher than the rate in the U.S. economy, given the current preferential tax treatment for owner-occupied housing. Naturally, χ is calibrated to match the homeownership rate in the U.S. economy. An important implication of the fixed cost of ownership is that homeownership rate increases with income, and thus age, like in the U.S. data. Housing services cannot be traded. It implies that, regardless of the tenure status, an agent consumes all the housing services generated by the housing asset that it owns or rents.
Government Policy
The government is engaged in the following three activities: (i) collecting various forms of taxes to finance the public expenditure G t , (ii) collecting estate taxes and distributing them to all surviving agents in lump-sum, and (iii) running the pay-as-you-go (PAYGO) social security program.
The government must spend G t in period t. {G t } ∞ t=0 is exogenously given. It is the standard setup in the Ramsey problem. For simplicity, I assume that the government must balance budget each period. In other words, the government must collect taxes whose total amount is G t in period t. The government can tax capital and labor income. In addition, the government can tax imputed rents of owner-occupied housing assets. I assume that only proportional taxes are available. The tax rates for capital and labor income taxes are denoted as τ K,t , τ L,t , respectively. The tax rate for imputed rents of owner-occupied housing assets is denoted as τ H,t . Notice that capital income taxes are levied only when an agent holds a positive balance of the financial asset. Moreover, the government can allow mortgage interest payment deduction. I use τ M,t to denote the rate of mortgage interest payment deduction.
Since time of death is stochastic, and there is no private annuity market by assumption, there are accidental bequests. The government imposes a 100% estate tax rate for accidental bequests and distributes all the proceeds equally to all the surviving agents using a lump-sum transfer, in each period. tr t denotes the lump-sum transfer for each agent in period t.
Finally, the government runs a simple PAYGO Social Security program. The government collects payroll taxes from labor income of working agents at the flat-rate τ S,t . All the proceeds are equally distributed to all the retired agents in each period. The social security benefit is denoted by b i,t , where b i,t = 0 for i ≤ I R , and b i,t = b t for all i > I R . Notice that, since the amount of benefit is the same for all agents regardless of the amount contributed, this particular Social Security program has a strong redistribution effect.
size of properties and it is different between owned and rental properties. If the minimum size of owned properties is larger than the minimum size of rental properties, the model also implies that owned properties are on average larger than rented properties. This is the assumption used by Gervais (2002) . For the results of the current paper, the results are similar even if the difference in minimum size is used instead of fixed cost of ownership.
Agents' Problem
The problem faced by agents is formulated recursively. I use a prime to denote a variable in the next period. An agent is characterized by the set of individual state variables (i, e, x), where i is the age, e is the stochastic component of individual productivity, and x is the total wealth. The use of the total wealth x instead of a pair of housing and financial assets (h, a) as a state variable greatly simplifies the problem. But the transformation becomes invalid if there is a fixed cost of changing housing or financial asset holding, and thus it is necessary to keep track of the asset allocation determined in the previous period. The recursive problem for an agent with individual state (i, e, x) and in time t is below:
subject to
(
Equation (8) The Bellman equation (9) is the problem for a homeowner. A homeowner chooses consumption c, financial assets a, owned housing assets h o , wealth carried over to the next period x , and hours worked to maximize the sum of the current utility and the expected discounted value in the next period, subject to the constrains listed above and explained below.
The first constraint (10) is the asset allocation constraint. The total wealth x is allocated into housing assets h o and financial assets a. Notice that the agent can borrow up to −(1 − λ)h o using mortgage loans collateralized by the value of owned housing assets h o . In case an agent is using mortgage loans, The size of housing h will be larger than the total wealth x. Any positive amount of housing assets can be owned.
The second constraint (11) is the budget constraint. The first term on the left hand side is the principal and after-tax interest income of financial assets. More explanation on the after-tax interest income is found below. The second terms represents the value of owned housing assets after paying for the housing tax and the depreciation. The interpretation of the depreciation is the maintenance cost to keep the quality of housing. The housing tax is represented as r t τ H,t , which makes it easier later to compare the cost of renting and owning. The third term is the after-tax labor income. w t ee i is the before-tax labor income. Since half of the social security contribution is made from the employer and is not subject to labor income tax, 1 − τ S,t 2 is multiplied to the labor income tax rate. Since e i = 0 for i > I R , labor income is always zero for retired agents. The last two terms on the left hand side are the social security benefit b i,t and the lump-sum transfer tr t . As b i,t = 0 for i ≤ I R , the social security benefit is zero for working agents. The lump-sum transfer is originated from the accidental bequests. The right hand side consists of non-housing consumption c, fixed cost associated with owning housing assets χ and total wealth carried over to the next period x . Equation (12) defines the after-tax interest income. When the agent is saving (a ≥ 0), the savings yield the before-tax return of r t but is subject to the capital income tax at the rate of τ K,t . When the agent is borrowing (a < 0), the agent pays the interest rate for the amount of the mortgage loans, but there is a tax deduction of proportion τ M,t of mortgage interest payments.
Finally, when an agent is owning housing asset, the agent cannot rent, i.e., h r = 0 in this case.
The Bellman equation (13) (14) is the budget constraint for a renter. There is no term for the owner-occupied housing asset and there is a cost of rental properties q t h r on the right hand side. x in the first term on the left hand side is replaced by a because x = a for a renter. Finally, for a renter, h o = 0, because of the exclusivity assumption. Also notice that there is no fixed cost χ in the budget constraint, in case housing assets are rented.
The solution to the dynamic programming problem above yields optimal decision rules c = g c,t (i, e, x), h
, and x = g x,t (i, e, x). The tenure decision is included in h o = g o,t (i, e, x) and h r = g r,t (i, e, x). In particular, if an agent is an owner then h r = g r,t (i, e, x) = 0 and h o = g o,t (i, e, x) > 0, and opposite if an agent is a renter.
Definition of Recursive Competitive Equilibrium
I define the recursive competitive equilibrium and the stationary recursive competitive equilibrium of the economy. In the latter, prices are constant over time. The population size is growing at the constant rate γ, but the age composition of the population is time invariant.
X is assumed to be compact. The upper bounds are set such that these bounds are not binding and thus the solution to the problem with the bounds is the same as the one without. The lower bound of X is zero. M is the space of individual state variables. Let m ∈ M be an element of M. Let M be the Borel σ − algebra generated by M, and let B ∈ M be an element of M. Let µ the probability measure defined over M. I will use a probability space (M, M, µ) to represent a type distribution of agents.
Definition 1 (Recursive competitive equilibrium) Given sequences of government expenditures {G t } ∞ t=0 , social security tax rates {τ S,t } ∞ t=0 , total factor productivity {Z t } ∞ t=0 , and initial conditions K 0 , H 0 , µ 0 , a recursive competitive equilibrium is a sequence of value functions
, aggregate stock of housing and non-housing capital and aggregate labor supply
, such that:
is a solution to the agent's problem defined above.
, and {g x,t (i, e, x)} ∞ t=0 , are the associated optimal decision rules.
2. The representative firm maximizes its profit. Equivalently, r t and w t satisfy the following marginal conditions for all t:
3. Real estate sector is competitive. Consequently, the rent is determined as follows:
The following market clearing conditions are satisfied for all t:
5. Construct the transition function Q t (m, B) that is consistent with the optimal decision rules and the laws of motion for i and e. Then {µ t } ∞ t=0 satisfies the following law of motion:
. Budget balance regarding the social security program. In particular, the following budget balance condition is satisfied:
The total amount of accidental bequests is equal to the total amount of lump-sum transfers.
In particular, the following budget balance condition is satisfied:
. Government budget balance. The following budget balance condition is satisfied:
Definition 2 (Stationary recursive competitive equilibrium)
A stationary recursive competitive equilibrium is a recursive competitive equilibrium where tax rates, total factor productivity, value functions, optimal decision rules, prices, transfers, social security benefits are time invariant. Government expenditures, and aggregate variables are growing at the constant rate γ and thus time invariant at per-capita.
Notice that the market clearing condition for non-housing capital stock includes −g r,t (i, e, x). This is because real estate firms borrow exactly the same amount as housing assets that they rent. The market clearing condition for housing capital stock includes owner-occupied housing assets and the amount of housing assets rented. The four terms in the integrand in the government budget constraint denote labor income taxes, capital income taxes, mortgage interest payment deduction, and housing taxes, respectively.
Since I focus on the stationary equilibrium, I drop the time scripts altogether hereinafter.
Calibration
I will describe how the baseline model economy with both housing and financial assets is calibrated. In the last subsection, I will describe how the version of the model economy only with financial assets is calibrated and compare the two economies.
Demographics
One period is set as one year in the model. Age 1 in the model corresponds to the actual age of 22. I is set at 79, meaning that the maximum actual age is 100. I R is set at 43, implying that the agents become retired at the actual age of 65. The annual population growth rate, γ, is set at 1.2%. This growth rate corresponds to the average annual population growth rate of the U.S. over the last 50 years. The survival probabilities {π i } I i=1 are taken from the life table (Table 4 .C6) in Social Security Administration (2005) . Figure 1 shows the conditional survival probabilities used.
Preference
For the baseline calibration, the following functional form is used:
Leisure m is separable from consumption of aggregated goods, and consumption of non-housing goods c and housing services d are non-separable. The assumption of unit elasticity between housing and non-housing goods is also used by Fernández-Villaverde and Krueger (2005) . They refer to some empirical studies estimating the elasticity and claims that the unit elasticity is in the middle of various estimates.
σ is set at 2.0, which is the commonly used value in the literature. ψ is pinned down later to match the relative size of the housing and non-housing capital stock in equilibrium. η is pinned down such that the average hours worked is 0.33 of the disposable time for workers, in equilibrium. ρ is closely associated with the labor supply elasticity. ρ is set at 3, which implies the Frisch elasticity associated with the average hours worked of 0.68.
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The Frisch elasticity of 0.68 is in the middle of various estimates. For the robustness check, I also use the following non-separable functional form:
ψ and η are pinned down in the same way as in the baseline specification. σ is pinned down such that the coefficient of relative risk aversion associated with the composite goods of housing services and non-housing consumption goods is 2.
5
The other parameter for preference, β, will be calibrated such that aggregate amount of wealth in the model matches the U.S. counterpart.
Endowment
The average life-cycle profile of the earnings
is taken from Hansen (1993) . Since Hansen (1993) estimates labor productivity for 5-age groups (age 20-24, 25-29,...), Hansen's (1993) estimates are smoothed out using a quadratic function (second degree polynomial). Figure 2 shows the life-cycle profile of the average labor productivity used in the model. Since mandatory retirement at the model age of I R , e i = 0 for i > I R .
As for the shock component of agents' earnings, I use the data on the cross-sectional variances of log of the hourly wage of the heads of households of Panel Study on Income Dynamics (PSID). According to PSID, the cross-sectional variance of log of the hourly wage of heads of household of age 22 is 0.197, and the same statistics for heads of household of age 64 is 0.674, and the cross sectional variance is almost linearly increasing. Appendix A.1 includes details about the empirical exercise. I basically follow the empirical exercise by Storesletten et al. (2004) but derive the cross-sectional variances of hourly wages of the heads of households over the life-cycle, instead of those of the total earnings of households.
In the model, I assume that the initial distribution of log e is the normal distribution N (0, σ 2 e ) and log e follows the following AR(1) process: log e = ρ e log e + (18) with ∼ N (0, σ 2 ). There are three parameters, ρ e , σ e and σ , and these three parameters are pinned down to capture the properties of the PSID data described above. First of all, σ 2 e is set at 0.197 so that the cross-sectional variances of log e for age-1 (corresponding to the actual age of 22) agents in the model is equal to the cross-sectional variance of log of the hourly wage of age-22 households. Second, in the data, cross-sectional variance almost linearly increases. It means that the persistence parameter ρ e must be close to unity for the stochastic process of the model to replicate the property. Therefore, ρ e is set at 0.99. Finally, σ is chosen such that the stochastic process used in the model implies that the cross-sectional variance of log e for age-44 agents (corresponding to the actual age of 65) is 0.674. This procedure leads to σ 2 = 0.02058.
5 Specifically, σ satisfies 1 − CRRA = η(1 − σ), where CRRA is the coefficient of relative risk aversion and is 2.0 in the current case.
Finally, the AR(1) process is approximated using a finite state fist order Markov process. I use n = 9 as the number of states. The AR(1) process obtained above is converted into the Markov process using the method proposed by Tauchen (1986) . The initial distribution of log e is approximated by assigning the probabilities to each of the grids obtained by applying the Tauchen (1986) method, in the similar way as the Tauchen (1986) method.
Technology
The production function is the standard Cobb-Douglas type:
with θ = 0.247 computed using the National Income and Product Accounts (NIPA). The value of θ is lower than the value usually used in the literature. This is because, in the current model, a part of the widely defined capital income associated with housing capital is removed from the definition of capital income for this economy with two kinds of capital.
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For comparison, I also calibrate the model with only non-housing capital and financial assets. I recalibrate θ such that there is no distinction between housing and non-housing capital and obtain θ = 0.326, which is close to commonly used value for one-asset models. The depreciation rate for non-housing capital is δ K = 0.109. The depreciation rate for housing capital is δ H = 0.017. Both are computed using NIPA. Z is a scaling parameter. I normalize at Z = 1.
Housing Market
There are two parameters related to the housing market, the down payment requirement ratio λ, and the fixed cost associated with owning χ. I set λ = 0.20. This is consistent with the typical down payment ratio of primary mortgage loans (20%) or loan-to-value (LTV) ratio of 80%. I calibrate χ such that the model generates the homeownership rate in the recent U.S. economy. Except for the very recent years, the homeownership rate stayed around 64% in the U.S. This number is going to be the calibration target. Notice that, without the fixed cost χ (or, equivalently, if χ = 0 is assumed), the homeownership rate in the model will be substantially higher than the number in the U.S. economy.
Government Policy
Following Domeji and Heathcote (2004) , who also use proportional taxes for capital and labor income, I use τ K = 40% and τ L = 27% for the baseline tax rates.
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As for housing taxes, I assume that owner-occupied housing assets are not taxed and thus set τ H = 0% for the baseline rate.
The baseline rate for the mortgage interest payment deduction is set at 23%. This number is the average marginal subsidy associated with mortgage interest payments, computed by Feenberg and Poterba (2004) .
In the U.S., there is no federal tax for owner-occupied housing, but different local governments impose residential property taxes with different rates. For example, according to the Government of District of Columbia, if the tax rates applied in the largest city in each state are compared, the median effective tax rate in 2004 is 1.54%. National Association of Home Builders (NAHB) report that, according to self-reported property tax rates in Census 2000, the national average property tax rate in 2000 is 1.127%. Assuming that housing assets yield 6.0% of their market value annually, the median residential property tax rate roughly corresponds to a tax rate of about 20% for imputed income of housing assets. However, the property taxes levied by local governments are generally considered benefit taxes whose proceeds are used by local government to provide goods and services necessary for homeowners. Following the argument, I consider a zero housing tax rate to be a reasonable assumption. Moreover, as it turns out, the key mechanism in the model is the tax wedge between owned and rented housing. Since the property tax does not change the tax wedge, as long as the property tax is passed on to renters by real estate sector, I expect that the introduction of property tax does not change the main results of the paper.
The size of the government expenditure is obtained ex-post in the stationary equilibrium of the model economy with the baseline specification. In the baseline model with the tax rates described above, the amount of government expenditures relative to output turns out to be 23.6%, which is close to the average size of expenditures of the U.S. federal government.
The Social Security tax rate is set at 7.4%. According to Social Security Administration (2005), the average labor income in 2003 is USD 32,808, while the average annual benefit of retired workers is USD 11,065.
9
The replacement ratio, defined as the ratio between the two, is 33.7%. The 7.4% social security tax rate in the model is determined such that, when the government is balancing budget in each period, the model replicates the replacement ratio.
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In the current U.S. economy, the social security tax rate associated with the retirement benefit (Old-Age and Survivors Insurance, OASI) is 10.6%. According to Social Security Administration (2005), the taxable labor income is 86% of the labor income, implying the effective tax rate is about 9%. The social security tax rate used in the baseline specification is slightly lower than 9%. The difference is due to a combination of reasons: (i) the average retirement age is getting lower and actually lower than 64 in the recent years, (ii) the relative size of working population is large right now due to the baby boomer generation. (iii) whereas the budget balance is imposed in the model for simplicity, the Social Security Trust Fund is accumulating in the U.S. economy.
8 6% is the equilibrium interest rate in the baseline model economy and close to the historical average of the net (after-depreciation) return of capital of the U.S. economy.
9 This number is computed by multiplying the monthly benefit of retired workers of USD 922.1 by 12. 10 Government budget balance implies τ S m W e = bm R where m W and m R are measures of workers and retirees, respectively, and e and b represent the average labor income and benefits, respectively. Plugging in In other words, the social security contribution exceeds the total amount of benefits in the U.S. economy. (iv) there is no dependent nor survivor in the model.
Endogenously Calibrated Parameters
As I mentioned above, three parameters regarding the preference, the time discount factor β, the parameter that determines the relative value of the utility from housing services, ψ, the parameter which determines the relative value of leisure, η, and the fixed cost associated with ownership, χ, are pinned down jointly such that, in the stationary equilibrium with the baseline specifications, the total value of housing capital stock and that of non-housing capital stock, the average hours spent for working, and the homeownership rate are close to their counterparts in the U.S. economy. ) for the same period is 1.47. In total, the average value of total private capital stock over output is 2.76 in the U.S. As for the time spent for work, on average, workers spent one-third of their disposable time for work. Therefore, I use = 0.33 as the target. The target homeownership rate is 64%.
To pin down the four parameters, I need to compute the equilibrium of the model repeatedly with different parameter values, until the statistics generated by the model are close to the corresponding targets. Even though there is no guarantee that all the targets can be satisfied, because of the non-linear nature of the problem, the calibration process turned out to be successful, and I found that β = 0.9734 ψ = 0.8793, η = 4.6507, and χ = 0.0060 jointly satisfy the four targets: For models other than the baseline, the parameters are re-calibrated such that the same set of statistics are simultaneously satisfied.
Model Economy with One Asset
Since one of the goals of the paper is to compare the optimal capital taxation in the economy with two types of assets and in the economy with one type of asset, I construct the version of the model economy where only financial assets are available. The one-asset model is constructed by treating housing assets as part of financial assets. Table 1 compares the two model economies.
In the economy with one asset, the parameter controlling the capital share of income, θ is higher because the capital income includes what is generated by housing capital. According to NIPA, θ for the one-asset model turns out to be 0.326, which is close to the value which is usually used in the models with one asset.
The depreciation rate for capital δ K is adjusted, taking into account that capital in the one-asset model also includes housing capital which depreciates more slowly than non-housing capital. Naturally, the depreciation rate is lower. According to NIPA, the annual depreciation rate Notice that, the parameters β and η are re-calibrated for the one-asset model such that the model satisfies the capital output ratio of 2.76 and the average fraction of time spent on working at 0.33. ψ and χ are not used in a meaningful way in the one-asset model.
Computation
Since the model cannot be solved analytically, numerical methods are used to compute the stationary equilibrium of the model. The solution method is a standard one for the overlapping generation models.
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In solving the problem of an individual agent, the optimal decision rules are approximated using piecewise-linear functions, and the optimal decision rules are obtained backwards, starting from the last period of life.
A challenge for the current model is that there are two types of assets. If the set of individual state variables includes two endogenous continuous state variables, then the model is very difficult to solve with a decent level of accuracy. This is especially so if there is a tenure choice as well as labor-leisure decision. However, it is feasible to solve the current model, because there is only one continuous state variable, which is the total wealth x. The set of individual state variables of agents does not include h and a separately but does include only x = h + a, because the distinction is not important for agents' optimal decision.
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11 For more details on the computational methods employed here, see Ríos-Rull (1999) . 12 A negative a means taking mortgage loans, which enables an agent to own housing assets whose value (h) is
In obtaining the aggregate statistics, I implement a simulation with 1, 000, 000 agents in each generation. Appendix A.2 includes details of the computation.
6 Properties of the Baseline Model Economy Figure 3 summarizes the average life-cycle profiles in the baseline model economy. Figure 3(a) shows the average life-cycle profile of housing and financial asset holding, as well as the total wealth in the baseline model economy. The most striking thing is that the portfolio allocation between housing and financial assets vary greatly with age. At the beginning of their life, agents save to prepare for the down payment of their first house. They rent while doing so. Then agents borrow using mortgage loans and accumulate housing assets. Since around age 30, average agents finish replaying mortgage loans and start accumulating savings in the form financial assets, after accumulating sufficient housing asset to support sufficient amount of consumption of housing services. After retirement, agents reduce financial asset holding more quickly compared with housing assets, because agents need housing assets for consumption of housing services. Towards the end of the life-cycle, agents reduce holding of both types of assets. The hump-shape of durable goods, whose main component is housing, is well documented by Fernández-Villaverde and Krueger (2005) . In terms of the ratio of housing asset over the total wealth, the ratio is much higher for young agents because they use leverage when they own housing assets whose value is larger than the value of their total wealth. The ratio keeps going down as agents accumulate the financial asset relative to the housing asset. Silos (2007) documents the pattern of the housing-to-wealth ratio in the U.S. data. Figure 3(b) shows the average life-cycle profile of before-tax and after-tax income, labor income, tax payment, and consumption in the baseline model economy. The after-tax total income in the figure includes the social security benefit, and excludes tax payments and social security contribution. The profile of the after-tax total income is flatter than that of the before-tax total income not only because of the intergenerational transfer through the social security program, and also because workers are taxed more heavily than retirees. As you can see from Figure 3 (c), which shows the average life-cycle profile of tax payments, majority of taxes paid by workers is labor income tax. On the other hand, retirees, especially the recent ones, pay only the capital income tax. Consumption of non-housing goods is hump-shaped, as in the U.S. data. The humpshape of non-housing consumption is carefully documented by Gourinchas and Parker (2002) and Fernández-Villaverde and Krueger (2005) . Figure 3(e) shows the homeownership rate for each age group in the baseline model economy. The overall average homeownership rate is 64% in the model. It exhibits a hump-shape, like in the U.S. data. The ratio is low for young agents, peaks around age 55, and goes down after retirement age. Table 2 compares the homeownership rate of different cohorts in the baseline larger than the value of total wealth (x). Figure 3(f) shows the average life-cycle profile of all housing assets, including owner-occupied as well as rented housings. The profile for the owner-occupied housing is the same as the one shown in Figure 3 (a). For young and retired agents, more housing assets are rented rather than owned. Therefore, the average life-cycle profile of total housing assets is much higher than the owned housing assets for the young and the retirees.
Figure 4(a) and 4(b) compare average life-cycle profiles of assets and consumption between the two-asset baseline model and the one-asset model. The striking feature is that the lifecycle profiles of total wealth and consumption are very close to each other, although there is an interesting life-cycle for the asset portfolio between the housing and financial assets in the two-asset model.
Design of Experiments

Design of Alternative Tax Schemes
I will investigate the optimal capital income tax rate in the model with housing and financial assets. Once the optimal capital income tax rates in the two-asset environment are obtained, the obtained optimal tax rates are compared with the optimal capital income tax rate in the one-asset model. Since the capital income taxation in the standard one-asset environment corresponds to the taxation on the returns of the financial assets in the current two-asset environment, I will focus on the changes in τ K .
In order to investigate the optimal capital income taxation, it is necessary to determine the housing tax policy, which is not present in the standard one-asset environment. I investigate two cases. In the first case, I change the capital income tax rate τ K , while maintaining the preferential tax treatment for owner-occupied housing. In particular, I keep τ H = 0 and τ M = 0.23. In the second case, I eliminate the preferential tax treatment for owner-occupied housing. More specifically, I impose that the housing and financial assets be taxed at the same rate, i.e., τ K = τ H , and I eliminate the mortgage interest payment deduction (τ M = 0). Then I change τ K = τ H to various rates. Under this polity, the two types of assets not distinguished in terms of taxation.
All experiments are implemented in the revenue neutral manner. In other words, total government expenditure, or the total amount of taxes, G, is fixed at the level of the baseline model economy. The size of G in the baseline two-asset model economy is obtained ex-post from the baseline line tax rates, and is 23.6% of the total output. In order to achieve revenue neutrality, the proportional labor income tax rate τ L is adjusted such that the total amount of taxes is the same across different experiments with different tax regimes.
Welfare Measures
In comparing the welfare of agents in economies with different tax regimes, I use the ex-ante expected utility of newborns in the stationary equilibrium. This criterion is used by Conesa et al. (2007) . Average welfare is computed by integrating the value of the newborns in the stationary equilibrium with respect to the initial shock to individual labor productivity. The welfare criterion is useful in taking into account both the efficiency effect due to tax reforms and the redistribution or insurance aspect of tax reforms. The consideration of the latter is crucially important in experiments where markets are incomplete, and therefore, agents are expost heterogeneous.
In measuring the magnitude of the welfare gain or loss, I use the percentage changes in the flow consumption of non-housing goods. This is a standard measure for welfare analysis in the literature. Using this measure, the welfare gain by moving from one tax regime to another is defined as the percentage increment to the consumption of non-housing goods in every period and under every contingency in the economy with the original tax regime, which equates average welfare in the economy with the original tax regime to that of the economy with the alternative tax regime. A positive implies that agents are better off by being born in the alternative environment, in the expected ex-ante sense. Notice that, in the current economy, there are three sources of utility, namely, consumption of non-housing goods and consumption of housing services, and leisure. On the other hand, in computing the welfare gain, percentage is added only to the consumption of non-housing goods. In other words, welfare changes associated with changes in the consumption of housing services as well as leisure are converted and merged into the welfare changes in the consumption of non-housing goods in computing the welfare gain.
Moreover, for analytical purposes, I decompose as follows:
where g is the welfare gain associated with the age-independent uniform increase in consumption of non-housing goods, housing services, and leisure. I call it the average effect. i is the welfare gain associated with the redistribution of consumption across the life-cycle. Therefore, I call it the life-cycle effect. Finally, d represents the welfare gain associated with the within-cohort redistribution. I call the effect as the redistribution effect. The formal definitions and computation of the welfare measures are provided in Appendix A.3.
Optimal Capital Income Taxation
One-Asset Model
I will start describing the optimal capital income tax rates in the model without housing (oneasset model), in order to facilitate the comparison between the one-asset and the two-asset model in the next section. Table 3 compares the one-asset model economy with the baseline tax rates with the same economy with the optimal capital income tax rate τ K . The optimal τ K is 37%, which is not only zero, but far from zero, as Conesa et al. (2007) find. It is indeed close to the average capital income tax rate of the U.S. economy, which is the baseline tax rate of 40%. Conesa et al. (2007) find that the optimal capital income tax rate in a model with utility function that is separable between consumption goods and leisure to be 21%, but with a large amount of deduction, as large as 26% of the average income.
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The difference between their result and the result here can be understood by the existence of the deduction; with a large amount of deduction, a higher labor income tax can be imposed without making young or low-productivity agents suffer too much. In the current setting where only proportional taxes are available, a high labor income tax rate which is associated with a low capital income tax rate has a strong negative redistribution effect by taxing too much the young and the low-productivity agents. Level is shown for the baseline economy.
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Measured by the uniform percentage increase in flow consumption of nonhousing goods, against the welfare in the baseline model economy.
As Conesa et al. (2007) argue, it is optimal to tax capital income heavily in a model where there is a strong life-cycle savings motive and thus savings decision of agents is not strongly elastic against changes in capital income tax rate. They argue that the inelasticity of saving relative to labor supply makes a high capital income tax rate optimal in the economy with life-cycle, while it is optimal not to tax capital in an economy without life-cycle.
In response to a decline in the capital income tax rate and an increase in the labor income tax rate, capital stock increases by 1.48%, while labor supply declines by 0.17%. As a result, total output increases by a small 0.37%. Since the difference between the baseline tax rates (40%) and the optimal tax rate (37%) is small, the welfare gain of moving to the optimal tax regime is small as well. The welfare gain is a mere 0.01% of flow consumption.
Suppose capital income tax rate is brought down to zero, which is the optimal rate in the growth model with the infinitely-lived representative agent. There will be a substantial increase in capital stock accompanied by a substantial drop in labor supply. At the end, output increases by 3.5% but consumption does not increase as much as output. Regarding the welfare effect, zero capital income tax rate is predicted to generate a welfare loss as large as 1.2% of flow consumption. Level is shown for the baseline economy.
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Level is shown for all economies.
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Measured by the uniform percentage increase in flow consumption of non-housing goods, against the welfare in the baseline model economy. Table 4 compares the two-asset model economy with the baseline tax rates and the same model with alternative tax rates. The second column shows the properties of the model with the baseline tax rates. The next three columns show the properties of the model with the optimal capital income tax rate and the preferential tax treatment for housing, the model with the optimal capital income tax rate without the preferential tax treatment for housing, and the model with zero capital income tax rate and preferential tax treatment for housing, respectively.
Two-Asset Model: With Preferential Tax for Housing
I find that, when the preferential tax treatment for owner-occupied housing is maintained, the optimal capital income tax rate is 13%. This is very low compared the baseline tax rate of 40% and the optimal capital income tax rate in the one-asset model (37%). Labor income tax rate is increased from the baseline rate of 27% to 30% in order to keep the revenue neutrality. As in the one-asset model, labor supply declines while capital stock increases. More interestingly, Rented housing (baseline) All housing (optimal) Owner-occupied housing (optimal) Rented housing (optimal) (f) Housing assets: owned and rented there is a substantial portfolio reallocation between housing and non-housing capital; housing capital decreases by 5%, while non-housing capital increases by more than 11%. Because of the large increase in non-housing capital stock, output also increases, by 1.5%. Average consumption increases similarly (1.4%).
Homeownership rate drops dramatically from the baseline rate of 64% to a mere 2%. This is because the preferential tax treatment for owner-occupied housing is almost completely nullified when the capital income tax is reduced to 13%. The only agents who still own housing are the ones who have a large amount of assets, and the small tax advantage for owner-occupied housing still makes owning more attractive even with the additional fixed cost associated with ownership.
For a large majority of agents, the tax advantage of ownership is not large enough to induce them to own and pay the additional fixed cost associated with ownership. Figure 5 compares the average life-cycle profiles of model economies with the baseline tax rates and the optimal tax rates together with the preferential tax treatment for owner-occupied housing. Figure 5 (a) shows that, even though the change in the total wealth is small, there is a substantial portfolio reallocation from housing to financial assets. The figure shows that agents own very few housing assets with the optimal tax scheme. Instead, most agents rent from the real estate sector. Figure 5 (f) shows how the housing capital is reallocated from owner-occupied housings to rental properties. With the optimal tax regime, not only the total housing capital declines, the ownership of the majority of housing capital shifts from agents to real estate firms. ) show that there is a noticeable change in the life-cycle profile of tax payments; the young pay more taxes in the alternative tax regime. Since the main source of income for the young is labor income rather than capital income, the result implies a possibility of further welfare gain by introducing progressive labor income taxation (including the flat-tax with an deduction).
The bottom part of Table 4 shows the welfare gain associated with the optimal capital income tax of 13%. The welfare gain is as large as 2.3% of flow consumption. The main source of welfare gain is the average increase in non-housing consumption goods and leisure. Housing capital drops (−4.7%) but increases in non-housing consumption goods (+1.4%) and leisure (hours worked drop by 1.6%) more than offset the drop in consumption of housing services. Life-cycle effect is negative (−0.85%), which is consistent with a larger tax burden for the young. But the magnitude of the negative life-cycle welfare effect is smaller than the positive average effect. There is also a positive redistribution effect (+0.91%).
The last column implies that the average effect is even bigger if the capital income tax rate is further lowered to zero, but the welfare loss due to the life-cycle effect becomes dominating. This also implies that, if the deduction or progressivity of labor income tax is introduced, the optimal capital income tax rate might be further lowered than the current optimal level of 13%. The optimal capital income tax rate cannot go below 13% because the labor income tax rate becomes too high so that the negative life-cycle effect of high tax payments by the young becomes dominating.
Two-Asset Model: No Preferential Tax for Housing
The fourth column of Table 4 shows the effect of moving from the baseline tax rates to the optimal tax rates when the preferential tax treatment for owner-occupied housing is eliminated. In particular, (i) imputed rents of owner-occupied housing are taxed at the same rate as the capital income (τ K = τ H ), and (ii) there is no mortgage interest payment deduction(τ M = 0). Figure 6 summarizes the changes in the average life-cycle profile of asset allocations, consumption and income, tax payments, hours worked, homeownership rate, and allocation of housing capital. The optimal capital income tax rate when the tax rate applied to the imputed rents of owneroccupied housing is equalized to capital income tax rate is 43%. This is not only different from the previous case (τ K = 13%) but also higher than the baseline tax rate of 40% and the optimal capital income tax rate in the one-asset model (37%).
As for the asset level and allocation there are two effects. First, since tax rates applied to both assets are increased, the total wealth drops by as large as 7.7%. Second, since the tax rate applied to owner-occupied housing assets are increased substantially compared with the change in the capital income tax rate, there is a strong reallocation of assets from housing to nonhousing capital. As a result, total housing capital declines by 19%, while non-housing capital actually increases by 2.2%. Since the labor income tax rate can be brought down to 24%, labor supply increases. As a result, output increases by 0.3%, but non-housing consumption increases substantially, by 3.3%. The increase in non-housing consumption is due to the shift away from housing capital, more so than the increase in output.
The changes in the average life-cycle profiles exhibited in Figure 6 are similar to the case where τ H = 0, shown in Figure 5 , with one important difference; the average life-cycle profile of tax payments is shifted towards the old. A higher τ K = τ H enables a lower labor income tax rate and thus a lower tax payment of the young, while keeping the tax wedge between capital income tax and housing tax rate to be zero.
The total welfare gain is large, even larger than the previous case with preferential tax treatment for owner-occupied housing; the welfare gain is equivalent to 3.3% increase in the flow consumption. The average effect (+0.67%) is smaller than in the case of τ H = 0 because a large increase in non-housing consumption (+3.3%) is offset by a large drop in housing capital (−19%). However, there is a large positive life-cycle effect (+2%). This is associated with the shift of tax payments to older agents. Redistribution effect (+0.56%) is not large compared with other effects.
Decomposition of Preferential Tax Treatment for Owner-Occupied Housing
There are two differences between the first and the second experiments; in the second experiment, (i) imputed rents of owner-occupied housing are taxed, and (ii) there is no mortgage interest payment deduction. What are the effect of each of the two on the optimal capital income tax rate? Table 5 shows the optimal capital income tax rates when either one of the two components Adjusted to guarantee revenue neutrality.
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Level is shown for the baseline economy.
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Measured by the uniform percentage increase in flow consumption of non-housing goods, against the welfare in the baseline model economy.
of the preferential tax treatment for owner-occupied housing is turned off. The basic conclusion is that almost all the results are driven by (i) (taxing imputed rents of owner-occupied housing). The role of mortgage interest payment deduction is negligible.
First, compare the third and the fourth columns of Table 5 . The only difference between the two is that, in the fourth column, only the mortgage interest payment deduction is turned off. The result is basically identical, except for a small difference in the homeownership rate (it is 2.43% with mortgage interest payment deduction and 2.35% without). Next, compare the last two columns. The only difference is again mortgage interest payment deduction is turned off in the last column. All the results are identical. It is not surprising because homeownership rate is zero when imputed rents of owner-occupied housing is taxed at the rate as high as 43%. It means that the tax rate for mortgage loans does not matter.
Optimal Capital Income and Housing Tax Rates: Intuition
What can we learn from the experiments? First of all, in the one-asset model, the optimal capital income tax rate is determined to balance the following two opposing forces: (i) higher capital income tax is welfare improving as efficiency loss associated with taxing capital rather than labor is smaller due to the inelasticity of capital, (ii) higher capital income tax is welfare reducing as a higher tax on labor income puts disproportionately large tax burden on the young and the low-productivity agents. The 37% optimal capital income tax rate is mainly the result of the balance between the two forces.
If the difference between hosing and non-housing capital is explicitly taken into account, there are following three additional forces which affect the optimal capital income tax rate: (iii) a smaller tax wedge between housing and non-housing capital relaxes the over-accumulation of housing capital induced by the preferential tax treatment for owner-occupied housing, (iv) a smaller wedge between housing and non-housing capital makes the relative cost of renting lower compared with owning and thus inducing agents from owning and paying the additional fixed cost of owning, (v) efficiency loss of taxing capital is higher when agents can evade from capital income taxation by shifting their portfolio to housing, if owner-occupied housing is taxed at a lower rate.
The point (iv) requires further explanation. The budget constrain for a renter, with the equilibrium rent q = r + δ H , is:
where
+ b i + tr is a short-hand notation of income other than those related to assets. The budget constraint for an owner is:
First, assume that the owner is not borrowing (a ≥ 0), then r = r(1 − τ K ). Plugging x = a + h o into the owner's budget constraint and rearrange terms, we can obtain:
By comparing (21) and (23), it is easy to see that the additional benefit of owning rather than renting is r(
, which is bigger when (τ K − τ H ) is larger, while the additional cost of owning is χ. The additional benefit of owning becomes lower when either τ H is increased or τ K is lowered. When τ H = 0 is imposed, lowering τ K reduces the additional benefit of owning, and induces agents away from owning, exactly in the same way as the case when τ H is increased. Therefore, there is a close relationship between eliminating the preferential tax treatment of owner-occupied housing and lowering capital income tax rate.
Second, in case the owner is borrowing (a < 0), then r = r(1 − τ M ). The budget constraint for the owner can be transformed into:
By comparing (21) and (24), one can see that the additional benefits of owning with mortgage loans are r(τ M − τ H )h o (which is positive with the baseline tax rates) and rx(τ K − τ M ) (which is also positive with the baseline tax rates). The additional cost of owning relative to renting is same as for the savers, which is χ. When τ K is lowered, the relative benefit of owning with mortgage loans also goes down. Moreover, the benefits of owning with mortgage loans relative to renting disappear when τ K = τ M = τ H .
In case the preferential tax treatment for owner-occupied housing is preserved (τ H = 0 and τ M = 0.23), the additional considerations associated with two-asset model works to lower the optimal capital income tax rate. The 13% optimal capital income tax rate is the result of balancing the five forces.
In case the preferential tax treatment for owner-occupied housing is eliminated (τ K = τ H and τ M = 0), tax benefit of owning disappears for savers, and decreases for mortgage-loan borrowers. The tax wedge between financial assets and housing assets disappears, and the benefit of owning rather than renting declines. In this case, there is no need to lower τ K to achieve the reduced benefits of owning, as it is already built-in with τ K = τ H . That is why the optimal capital income tax rate is back to as high as 43%. The reason why the optimal capital income tax rate is even higher than in the one-asset model (37%) might be the extra inelasticity of saving, as housing asset accumulation is also inelastic to changes in tax rates. In other words, because agents need housing for enjoying services, and there is no way to evade away from housing taxation, agents are less even elastic in response to taxing housing and capital, more so than in the one-asset model.
The discussion so far implies that a part of the welfare gain of implementing optimal capital income tax rate is related to the inefficiency of owned housing. How important is it? In order to answer the question, I turn off the tenure choice from the baseline model, recalibrate the model, and investigate the optimal capital income tax rate. The new model still has the portfolio choice between housing and financial assets, but housing can only be owned. And there is no additional cost associated with ownership (χ = 0). Table 6 summarizes the macroeconomic and welfare effects of implementing optimal capital income tax rate in the two-asset model without tenure decision. The optimal capital income tax when keeping the preferential tax treatment for owner-occupied housing is 29%, which is lower than the optimal capital income tax rate in the one-asset model (37%) but not as low as in the baseline case (13%). When the preferential tax treatment is eliminated, the optimal capital income tax rate is 39%, which is higher than the other case, like in the baseline experiment, but again lower than the baseline case (43%). As expected, when the inefficiency associated with ownership is turned off and there is no need to consider (iv) , there is no efficiency gain from shifting the tenure decision from owning to renting, and thus the optimal capital income tax rate is drawn to a higher level than in the baseline model. However, the key properties of the baseline result, namely a lower optimal capital income tax rate when the preferential tax treatment for owner-occupied housing is preserved, and higher optimal capital income tax rate when imputed rents are taxed at the same rate as capital in come, are still obtained. A lower capital income tax still induces a welfare gain by reducing the tax wedge between housing and financial assets. Level is shown for the baseline economy.
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As is also expected, the size of the welfare gain by implementing the optimal capital income tax is lower, partly because the optimal capital income tax rate is much closer to the baseline rate, and partly because there is no welfare gain associated with eliminating efficiencies associated with ownership. The welfare gain is 0.1% of flow consumption when the preferential tax treatment is maintained, and 1.07% when it is eliminated.
In sum, (iv) plays an important role in shaping the optimal capital income tax rate in the twoasset baseline model, but not all of the results are solely based on (iv) , and thus the main results obtained in the baseline model are still valid. Level is shown for the baseline economy.
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9 Sensitivity Analysis Table 7 summarizes the aggregate and welfare effects of moving to the optimal tax regime in two-asset and one-asset model economies, with inelastic labor supply. The results in the table confirm that the results obtained with the baseline model do not depend on the elastic labor supply, although the optimal tax rates are all lower than in the models with inelastic labor supply. The model with housing and non-housing capital has a much lower optimal capital income tax rate (8%) if the preferential tax treatment for owner-occupied housing is preserved, and a higher optimal capital income tax rate (34%) when the preferential tax treatment is eliminated, compared with the optimal capital income tax rate in the one-asset model (22%). It is intuitive since there is no distortionary effect of labor income tax in the models with inelastic labor supply, which has a positive (negative) effect to the optimal labor income tax rates (other Level is shown for the baseline economy.
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tax rates). Without labor supply distortion, it is possible to lower capital income tax rate and raise labor income tax rate further. The size of the welfare gain measured by the uniform increase in the flow consumption is higher than the counterpart with the elastic labor supply, because of there is no inefficiency associated with increasing the labor income tax rate. The size of the welfare gain is 3.3% in case the preferential tax treatment for owner-occupied housing is preserved, and 3.8% when the preferential tax treatment is eliminated. Table 8 summarizes the aggregate and welfare effects of moving to the optimal tax regime in two-asset and one-asset model economies, without idiosyncratic shocks to individual labor productivity. The optimal capital income rate in the one-asset model is now at a relatively low level at 16%. One potential explanation for the difference from the baseline result (37% optimal capital income tax rate) is that the single agent in the model economy is not borrowing con-strained. Therefore, labor income tax can be increased without causing a welfare loss for the borrowing-constrained.
As for the two-asset model, surprisingly, the optimal capital income tax rate is the same between the two environments with different tax treatment of owner-occupied housing; the optimal rate is higher than in the one-asset model, at 23%. Even with the preferential tax treatment for owner-occupied housing, the single representative agent does not own housing at a relatively high capital income tax rate of 23%. Since the agent already does not own any housing, eliminating the preferential tax treatment for owner-occupied housing does not make any difference. Intuitively, the optimal capital income tax rate when the preferential tax treatment for owner-occupied housing is maintained is relatively high because even with the 23% capital income tax rate, all agents are induced away from owning housing assets, and there is no more welfare gain from this margin.
In the model with two-assets but without tenure decision, the optimal capital income tax rate is 14% with the preferential tax treatment for owner-occupied housing and 20% without. In this model, the properties of the optimal capital income taxation obtained in the baseline experiment are preserved; the optimal capital income tax rate is very different depending on how housing is taxed, and the optimal capital income tax rate is low with the preferential tax for housing and high without.
Finally, eliminating the social security, or using non-separable utility function between consumption and leisure instead of separable utility function, does not change the main results of the optimal capital income tax rate obtained in the baseline experiment, either. In both cases, the optimal capital income tax rates are higher than in the baseline experiment with social security and separable utility function.
Conclusion
In this paper, I quantitatively study the optimal capital income taxation in the general equilibrium overlapping generations model with uninsurable idiosyncratic income shocks and with housing and financial assets. Key characteristics of housing are explicitly modeled: (i) housing is held for the dual purpose of consumption and savings, (ii) housing can be either owned or rented, (iii) if owned, housing can be used as a collateral for mortgage loans, and (iv) there is a preferential tax treatment for owner-occupied housing through tax-exemption of imputed rents and mortgage interest payment deduction. Using the calibrated version of the model, I investigate whether and how the optimal capital income tax rate differs between the model with both housing and financial assets and the standard model without housing.
I find that the optimal capital income tax rate changes significantly depending on how housing is taxed. This is because capital income tax affects both the portfolio choice decision between housing and financial assets, and the tenure decision between renting and owning. In particular, I find that, when the preferential tax treatment for owner-occupied housing is maintained, the optimal capital income tax rate is low at 13%, while the optimal tax rate is 37% in the standard one-asset model. The difference occurs because of the additional effect of lowering capital income tax; lower capital income tax implies a smaller tax wedge between financial and housing assets, as well as a smaller wedge in the after-tax cost of renting and owning. When these wedges are reduced with a lower capital income tax rate, over-accumulation of housing asset as well as the distortion induced by the preferential tax treatment in favor of owner-occupied housing are relaxed. I find that the welfare gain by moving to the optimal tax regime is as large as 2.3% of average flow consumption.
On the other hand, if the preferential tax treatment for owner-occupied housing is eliminated, it becomes optimal to tax both assets heavily, like in the one-asset life-cycle model. Indeed, the optimal capital income tax rate becomes higher than in the one-asset model. The optimal capital income tax rate turns out to be 43%, which is higher than the 37% optimal capital income tax rate obtained from the one-asset model. The comparison of the optimal capital income tax rate under the two settings confirm that, while both reducing the wage distortion and reducing the tax wedge between owning and renting and the tax wedge between the financial and housing assets are both important source of welfare gain, the latter is more important if the two cannot be obtained simultaneously.
In general, all the results obtained in this paper suggests the importance of considering the capital income taxation and housing taxation simultaneously, because there is a nontrivial interaction among saving decision, portfolio choice decision, and tenure decision. Tax reforms involving capital income taxation should take into account the interaction. If the optimal tax scheme is computed using the one-asset model and ignoring the existence of housing asset, one might end up having a capital income tax rate which is very different from optimal under the environment where housing is considered explicitly.
Given the large welfare gain from nullifying the preferential treatment for owner-occupied housing, a natural question is why we do not observe a tax reform against the preferential treatment of owner-occupied housing. There are two possible explanations. One is that it is not easy to adjust housing asset holding and thus the cost on the transition is significant. Another explanation is the potential loss of homeowners makes the reforms difficult to implement politically. In order to investigate the hypotheses, it is necessary to extend the current framework by introducing transition between steady states and various costs associated with adjustments of housing assets, together with the tenure choice between owning and renting. I leave these to the future research. Figure 7 shows the age effect to the cross-sectional variances of logarithm of the real hourly wage of heads of households. It takes the value of 0.197 and 0.691 for age 22 and 65, respectively, and almost linearly increases between age 22 and 65.
A.2 Computation
This appendix gives details about the solution algorithm of the stationary recursive competitive equilibrium.
1. Guess prices r, w, amount of lump-sum transfer tr, amount of social security benefit b, and tax rates: τ K , τ L , τ H , and τ M . The equilibrium price of rental properties is easily computed using q = r + δ H . When running the baseline model, tax rates for labor and capital income, and housing and rate of mortgage interest payment deduction are fixed at τ L = 27%, τ K = 40%, τ H = 0%, τ M = 23%, respectively. In other cases one of the tax rates will be adjusted such that the total amount of taxes is equal to the target total tax payments, which guarantees the fiscal revenue neutrality across experiments.
14 I do not use waves after 1996, when PSID is no longer annual, but bi-annual. (a) Find the optimal decisions in the last period of life I. It is easier because age−I is the last period of life and thus the maximand contains only the current utility for age I. I use the first order conditions that characterize the optimal choice to find the optimal decision rules.
(b) The obtained optimal decisions can be used to compute the value for age I.
(c) Given the value function for age I which is obtained in the last step, go back one step and find the optimal decision rules for age I − 1.
(d) Keep going back up to age 1.
3. Having obtained the optimal decision rules c = g c (i, e, x), h o = g o (i, e, x), h r = g r (i, e, x), a = g a (i, e, x), x = g x (i, e, x), and = g (i, e, x), run a simulation with a large number of agents (I use N = 1, 000, 000 agents). Specifically, follow the steps below:
(a) For each of N agents, draw the initial e from {p 0 e }, using a random number generator. Initial x is zero. Initial i is 1.
(b) For each of N agents, compute the optimal decisions (c, h o , h r , a, x , ) and update the state variables using the optimal decisions. e is updated using the assumed first order Markov process together with a draw from a random number generator. x is updated using the optimal decision rule x = g x (i, e, x). . Similarly, the measure of a single age-3 agent is π 1 π 2 (1+γ) 2 , and so on. 5. Use the aggregate variables to construct new guess for prices, lump-sum transfer, social security benefit and tax rates.
(a) The new prices,r andŵ, can be constructed using the profit maximizing conditions for the firm, and the aggregate capital stock labor supply that are obtained by aggregating individual agents' decision.
(b) The new amount of transfertr can be constructed by computing the total amount of accidental bequests (total amount of assets, including interests and depreciation, held by the agents which are not surviving), and dividing the total accidental bequests by the number of living agents in the next period.
(c) The new social security benefitb can be constructed by computing the total social security contribution and divide the total by the number of retirees.
(d) In case τ L is used to guarantee the revenue neutrality, the new labor income tax ratê τ L can be obtained from the government budget balance constraint.τ L is chosen such that the budget balance is achieved. In case of baseline model, tax rates are all fixed; τ L is always set at 27% and there is no need for updating τ L .
6. Compare the old and the new guess. If the distance of the two is smaller than a predetermined criteria, it's done. Otherwise, update the guess and go back to step 2.
7. When calibrating the model, change the parameters, and solve the equilibrium. If, in the equilibrium, all the targets are satisfied up to a predetermined accuracy, done. Otherwise, change the parameters and solve the equilibrium again.
A.3 Definition of Welfare Measures
Suppose we are comparing two economies j = 0, 1. Economy 0 is the baseline economy and economy 1 is the counterfactual one. The optimal combination of consumption of non-housing goods, housing services, and leisure in economy j, conditional on the initial e = e 0 and the history of realization of labor productivity shocks e are denoted by (c j i (e 0 , e), d j i (e 0 , e), m j i (e 0 , e)). Moreover, let s denotes the history of realizations of mortality shocks. In particular, s i = 1 when the agent is alive in age-i, and s i = 0 when the agent is dead in age-i.
The ex-ante expected welfare of a newborn in economy j in the stationary equilibrium can be represented as follows: 
where p 0 e is the probability with which e 0 is drawn, q e|e 0 is the probability of a history e conditional on e 0 , q s is the unconditional probability of a history s, I is the indicator function which takes the value of 1 is the statement attached to it is true, and 0 otherwise.
The welfare gain by moving from the economy 0 to the economy 1, measured by the uniform percentage increase in non-housing consumption goods, , can be defined implicitly as follows: 
Suppose consumption of non-housing goods, and housing services, and leisure increased by the proportion g , respectively, by moving from the economy 0 to the economy 1. The welfare gain measured by uniform percentage increase in non-housing consumption goods, associated with the uniform increase in consumption of non-housing goods, and housing services and leisure, g , can be defined implicitly as follows: 
Next, suppose consumption of non-housing goods, and housing services, and leisure for age i increased by the proportion g , respectively, by moving from the economy 0 to the economy 1. The welfare gain measured by uniform percentage increase in non-housing consumption goods, associated with the age-dependent increase in consumption of non-housing goods, and housing services and leisure, e , can be defined implicitly as follows: 
Notice that the welfare measure includes both the welfare gain associated with the age-independent uniform increase in the consumption of non-housing goods and housing services, and leisure, g , and the welfare gain associated with the redistribution across the life-cycle, i . Therefore, i can be obtained as residual, as follows:
The welfare gain measured by uniform percentage increase in non-housing consumption goods, associated with the intra-cohort redistribution of consumption of non-housing goods, and housing services and leisure, d , can be defined as the residual, as follows:
